We developed two observational operators for dual polarimetric radars and implemented them in two variational data assimilation systems: WRF Var, the Weather Research and Forecasting Model variational data assimilation system, and 10 NHM-4DVAR, the nonhydrostatic variational data assimilation system for the Japan Meteorological Agency nonhydrostatic model. The operators consist of a space interpolator, two types of variable converters as well as their linearized and transposed (adjoint) operators. The space interpolator takes account of the effects of radar-beam broadening in both vertical and horizontal directions and climatological beam bending. The first variable converter emulates polarimetric parameters with model prognostic variables and includes attenuation effects, and the second one derives rainwater content from the observed 15 polarimetric parameter (specific differential phase). We developed linearized and adjoint operators for the space interpolator and variable converters and then assessed whether the linearity of the linearized operators and the accuracy of the adjoint operators were good enough for implementation in variational systems. The results of a simple assimilation experiment showed good agreement between assimilation results and observations with respect to reflectivity and specific differential phase but not with respect to differential reflectivity. 20
Observations obtained by dual polarimetric radars are utilized by operational systems at many meteorological and hydrological operation centres (e.g., in the United States, France, Germany and Japan) to improve the accuracy of quantitative precipitation estimation (QPE). These radars provide polarimetric parameters, including the horizontally polarized reflectivity factor (ZH), the vertically polarized reflectivity factor (ZV), differential reflectivity (ZDR), and the specific differential phase (KDP) . Many QPE methods that use these parameters have been proposed (e.g., Jameson, 1991; Jameson and Caylor, 1994; 5 Ryzhkov and Zrnić, 1995; Anagnostou et al., 2008; Kim et al., 2010; Ryzhkov et al., 2014; Adachi et al., 2015) . Because QPE methods using dual polarimetric radar parameters is expected to be better than methods using single polarization radar data, we developed assimilation methods for dual polarimetric radar observations for both WRF Var and NHM-4DVAR. The objective of our study was thus to improve QPE and quantitative rainfall forecasts (QPF) through the use of better analysis fields obtained by the assimilation of dual polarimetric radar observations. 10
We chose an emulator (Zhang et al., 2001) and an estimator (Bringi and Chandrasekar, 2001) to use as forward operators after evaluating their accuracy (Kawabata et al., 2018) . In addition, because both WRF Var and NHM-4DVAR consider only perturbations to cloud water and rainwater in their tangent and adjoint models, our operators also deal only with cloud water and rainwater and exclude ice particles. Although both this emulator (Jung et al., 2008a (Jung et al., , 2008b and this estimator (Yokota et al., 2016) have been used previously as observational operators in ensemble Kalman filter data assimilation systems, to our 15 knowledge, our study is their first implementation in variational assimilation systems.
The WRF Var version of these operators was developed at the University of Hohenheim, Germany, and the version for NHM-4DVAR was developed at Meteorological Research Institute, Japan Meteorological Agency, mainly by the first author.
In this paper, we describe theoretical and practical aspects of the observational operators and some evaluation results. The forward operators (space interpolator and variable converters) and their linearized (tangent linear) and transposed (adjoint) 20 operators are described in Sect. 2. Section 3 describes setup options of the observational operators, Sect. 4 presents verification and assimilation test results, and Sect. 5 is a summary.
Observational operators
In variational data assimilation systems, a cost function is defined and then iteratively minimized until its gradient becomes zero. The cost function and its gradient are defined as 25 
We developed two types of variable converters, a single space interpolator, and their tangent linear and adjoint operators.
Both WRF Var and NHM-4DVAR consider only perturbations to the mixing ratios of the hydrometer variables (cloud water and rainwater) and not those to their number densities in the tangent linear and adjoint models. However, in the tangent and adjoint operators described here (Sect. 2.2), non-perturbed number densities of cloud water and rainwater are included. These 5 variables are initialized to zero at the beginning or end of the operators, and their effects are directly considered in the cost functions of WRF Var and NHM-4DVAR, whereas their gradients are indirectly considered through perturbations of the mixing ratios of cloud water, rainwater, water vapour and other variables like temperature and pressure.
It is recommended that users of WRF Var run the system with CLOUD_CV (required) and the CV7 (optional) switches.
The former adds mixing ratios of cloud water and rainwater to the default control variable set (Wang et al., 2013) , and the 10 latter replaces the control variables of stream function and velocity potential with momentum control variables to improve the performance of WRF simulations at high horizontal resolution (Sun et al., 2016) . With these selections, the control variables in WRF Var are almost the same as those in NHM-4DVAR (Kawabata et al., 2011) .
Variable converters 15

Model variables to polarimetric parameters (FIT)
Among the many numerical precipitation scheme options (e.g., single-moment scheme, large-scale condensation scheme) for WRF and JMANHM, we chose two-moment schemes (WRF, Morrison et al., 2009; JMANHM, Hashimoto, 2008) for our observational operators because such schemes predict both the number density (Nr; m -3 ) and the mixing ratio (Qr; kg kg -1 ) of rainwater, whereas single-moment schemes predict only Qr. Therefore, two of three unknown parameters in the drop size 20 distribution (DSD) function are detected by the schemes. Following Morrison et al. (2009) , the DSD function is given by
where D (mm) is the raindrop diameter, N0 (mm -1 m -3 ) is the intercept parameter, is the shape parameter, and Λ (mm -1 ) is the slope parameter. Λ is given by
where is the density of water (997 kg m -3 in this study) and is air density (kg m -3 ), a model diagnostic variable. and N0 are given by
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In our study, the remaining unknown parameter is fixed at zero, and N(D) is based on bulk sampling, the minimum and maximum values of D are set to 0.05 mm and 5 mm, respectively.
Because in the rainwater prognostic variables, raindrops are assumed to be spherical in both WRF and JMANHM, we 5
introduce the axis ratio of a raindrop, which is proportional to D (Brandes et al., 2002 (Brandes et al., , 2005 , as follows: = 0.9951 + 2.51 × 10 −2 − 3.644 × 10 −2 2 +5.303 × 10 −3 3 − 2.492 × 10 −4 4 .
Radar observations are derived from measurements of the scattering of electromagnetic waves by raindrops. The first converter is based on fitting functions that relate equivolume diameters D to scattering amplitude (Zhang et al., 2001) . The 10 backscattering amplitudes are represented by a power law function as follows:
where the coefficients αh,v and βh,v are determined by fitting D to the backscattering amplitudes | ℎ, | calculated by the Tmatrix method (Mishchenko et al., 1996) . The difference between the horizontal and vertical forward scattering amplitudes is defined as 15 where λ (m) is the radar wavelength; Kw is a constant, defined as = ( − 1) ( + 2) ⁄ , where ε is the complex dielectric constant of water estimated as a function of wavelength and temperature (Sadiku, 1985) ; and Γ represents the Gamma function. The horizontal reflectivity ZH is converted to conventional reflectivity Zh (dBZ) by
and ZDR (dB) is defined as 25
KDP (° km -1 ) is defined as
The attenuation effects are calculated as follows: 
0 where h and DR represent attenuated Zh and ZDR, respectively. AH and ADP are the specific attenuation (dB km -1 ) and the specific differential attenuation (dB km -1 ), respectively, defined as
The values of the coefficients αh, αv , αk, αH, and αd and βh, βv, βk, βH, and βd in these equations are listed in Table 1 . Hereafter, this converter is called FIT.
Observations of polarimetric parameters to model variables (KD)
The second converter (hereafter KD) converts observed KDP to rainwater content (Qrain) according to the following relation:
where f (GHz) is the radar frequency and the power law coefficients are from Bringi and Chandrasekar (2001) . Qrain in the model is defined as = (kg m -3 ).
Tangent linear and adjoint operators
Tangent linear and adjoint operators of FIT 15
Because only p, T, and qv are perturbed in WRF Var and NHM-4DVAR, the linearized form of Eq. (6) is
and the perturbations of Λ and N0 are given as 4 | | 2 ( ℎ, 2 Γ(2 ℎ, + 1)(∆ 0 Λ −(2 ℎ, +1) − (2 ℎ, + 1)∆Λ 0 Λ −(2 ℎ, +2) )),
25
∆ DP = 180 Γ( + 1)(∆ 0 Λ −( +1) − ( + 1)∆Λ 0 Λ −( +2) ). Finally, the perturbations of AH and ADP are
The adjoint operators are represented by the transposed form of Eqs. (20)- (27), that is, ( ) T . As an example, the adjoint of Eq. (27) is 5
Tangent linear and adjoint operators of KD
Because KDP in Eq. (19) is an observed value, it is not necessary to linearize the equation. However, the equation that relates
Qrain to Qr (Sect. 2.1.2) needs to be linearized as follows: 10
The transposed form of this equation is used for the adjoint model (see Sect. 2.2.1).
Space interpolator
Space interpolators in data assimilation systems map the model space to the observational space according to the 15 representativeness of the observations. In the case of radar data, the effect of beam broadening stands for the representativeness, typically for a beam width of approximately 1.0°. The broadening is characterized by a Gaussian distribution orthogonal to the direction to the radar beam. Most previous studies (e.g., Seko et al., 2004; Wattrelot et al., 2014) , except Zeng et al. (2016) , consider only vertical beam broadening, because numerical models have horizontal grid spacings of several kilometres, whereas they have vertical grid spacings in the lower troposphere of less than one kilometre. However, data assimilation 20 systems must have sub-kilometre horizontal grid spacings as well (e.g., Kawabata et al. 2014a , Miyoshi et al., 2016 so that the space interpolators can take account of horizontal beam broadening. In addition, several phased array radars recently deployed in Japan have different beam widths in the vertical and horizontal directions. Our operator thus considers beam broadening in both the vertical and horizontal directions.
In addition, it is important for the space interpolator to include beam-bending effects, which depend on atmospheric 25 conditions. In this study, the bending is determined by considering the climatological vertical gradient of the refractive index of the atmosphere in accordance with the effective earth radius model (Doviak and Zrnić, 1993) , following Haase and Crewell (2000) , who showed statistically that the climatological refractive index is close to the actual refractive index at elevation angles higher than 1°, instead of by considering the actual atmospheric conditions, although Zeng et al. (2014) developed an excellent radar simulator that considers the actual refractivity of the atmosphere. 30
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Remote sensing observations usually have higher spatial resolutions than the model grid spacings. To avoid correlations of the observational errors in such high-resolution data, it is necessary either to thin the data or to use "super observations". In this study, we chose the super observation method, in which observations are averaged over each model grid cell. Super observation methods also have the advantage that they remove undesirable fluctuations associated with sub-grid-scale phenomena, the assimilation of which makes the numerical model unnecessarily noisy (e.g., Seko et al., 2004; Zhang et al., 5 2009 ).
First, we calculated the path of the centre of the radar beam in the model domain, including its elevation, azimuth, and bending angles (Fig. 1a) . Once sufficient data are included within a model grid cell, they are averaged and mapped onto an interpolation point along the radar beam (IP in Fig. 1 ). This value at this point is a "super observation", and it is compared with the modelled value, which was interpolated by using Gaussian weights (Fig. 1b) . Moreover, we also developed the tangent 10 and adjoint codes of the space interpolator.
Setup options
The operators are controlled by the namelist ("namelist.polradar") as follows: &name_obs o_dir='/home/usr/datadir', o_stn(1)='OFT', o_stn(2)='TUR', icnv=0/. 15 Here, 'o_dir' is the directory for the input observational data; 'o_stn' indicates the station names of radar sites, where 'max_stn', the number of names, is set in 'da_setup_obs_structures_polradar.inc' in WRF Var and in 'obs_dual_pol.f90:' in NHM-4DVAR; and 'icnv' is a switch for the selection of the observational operator, where "0" and "5" mean FIT and KD, respectively.
In addition, a file that defines for each radar areas where the beam is blocked by topography, named 20 'beam_block_rate_${radar_site}.dat', must be supplied by the user. This file is made by another program and should be prepared before the assimilation.
Results
Verification of the tangent linear and adjoint operators of FIT 25
In this section, we examine the linearity of only the FIT variable converter; it is not necessary to examine the linearity of the KD converter because of the intrinsic linearity of Eq. (19) . We evaluated the linearity of FIT by performing a Taylor expansion.
If the original equation is given as
then the linearized equation is defined as 30
If the linear equation is derived with no errors, the following Taylor expansion of Eq. (31)
should be accurate within the rounding error of the computer. The results for ZH, ZV, and KDP in Eqs. (11) and (14) are 1.00 when is 10 -7 to 10 -15 . 5
Regarding the adjoint operator, we evaluated the following equation:
where the left-hand side of Eq. (33) is calculated using the tangent linear operator, and on the right-hand side, the output variables of the tangent linear operator are input into the adjoint operator. This equation must be accurate within the rounding error. In FIT, the difference between the left-and right-hand sides was -8.215650382 × 10 -15 , which we consider accurate 10 enough.
Actual data assimilation test
We conducted a simple data assimilation test with actual radar data from the C-band dual polarimetric radar at the Meteorological Research Institute in Tsukuba, Japan (Yamauchi et al., 2012; Adachi et al., 2013) . Observational errors of Zh, 15 ZDR, KDP, and Qrain were 15.0 dBZ, 2.0 dB, 4.0° km -1 , and 4 g m -3 , respectively. In this experiment, only radial velocity data in addition to ZH, ZDR, and KDP were assimilated in FIT, and only Qrain was assimilated in KD. The assimilation window was from 2100 to 2105 UTC 23 June 2014, a day on which intense hail fell in Tokyo, Japan.
Analysis (KD and FIT) and observational (OBS) fields of Zh, ZDR, and KDP are shown in Fig. 2 . Although there was no rain region in the first-guess field (FG; Fig. 2d ), Zh in KD was comparable to that in OBS from the standpoint of rainfall 20 distribution and intensity, but Zh in FIT covered a much smaller area than it did in OBS. This smaller coverage may be due to nonlinearity in FIT. KDP values were smaller in both KD and FIT than in OBS. This result is similar to that of a statistical analysis performed by Kawabata et al. (2018) . In contrast, ZDR values in KD and FIT were larger than OBS over large areas.
This result implies that the calculation of the axis ratio of raindrops (Eq. 8) may need modification, because in the FG field, ZDR values and coverage were already too large, in comparison with those of OBS. 25
Summary
We implemented two variable converters for polarimetric radars in the WRF variational data assimilation system (WRF Var) and the JMANHM data assimilation system (NHM-4DVAR). FIT simulates polarimetric parameters using a double moment cloud microphysics scheme, and KD estimates rainwater contents with the observed specific differential phase. The advantage Geosci. Model Dev. Discuss., https://doi.org /10.5194/gmd-2018-43 Manuscript under review for journal Geosci. Model Dev. Discussion started: 23 March 2018 c Author(s) 2018. CC BY 4.0 License.
of FIT over KD is that it includes theoretically precise formulations for both the mixing ratio and number density of rainwater, as well as attenuation effects, whereas KD has advantages due to its linear formulation and small computational cost.
These operators work in conjunction with an advanced space interpolator, which considers 1) beam broadening in three dimensions, 2) different beam widths in vertical and horizontal directions, 3) the climatological beam-bending effect. The interpolator also simulated attenuation effects. 5
Tangent and adjoint operators of the two variable converters and the space interpolator were developed and implemented along with the forward operators. In a simple data assimilation experiment, we succeeded in assimilating actual polarimetric observations and obtained reasonable results with both the FIT and KD operators. However, our results show a need for further improvements of the KDP and ZDR estimates. It would be possible to overcome the weaknesses of the Zh distributions in FIT and FG through assimilation-forecast cycles and/or by adding other types of observation data, such as conventional 10 observations, Doppler (water vapour) lidar data, and water vapour data observed by GNSS. These challenges would improve QPE and QPF with the current forms of the operators.
Code data availability
The source code of NHM-4DVAR belongs to the Meteorological Research Institute of the Japan Meteorological Agency and 15 is not publicly available. Any researcher interested in the code is encouraged to contact the corresponding author. The observational operators for WRF Var is currently being implemented within the community version of the system, and researchers will be able to access its code via the WRF repository in the near future.
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